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Abstract

This paper focuses on the defaultable lease rate term structure with endogenous default.
We combine the competitive lease market argument proposed by Grenadier (1996) and the
endogenous default structural model proposed by Leland and Toft (1996) to examine the
interaction between the lessee’s capital structure and the equilibrium lease rate. Under this
framework, determining the lease rate is a simultaneous equation problem that captures the
trade-off between debt and lease financing. Using data on 2,482 real estate lease transac-
tions, we empirically confirm the predictions derived from the numerical analysis of the
model.

I. Introduction

In December 2005, Lehman Brothers investment bank signed a lease for
160,000 square feet of office space at 1301 Avenue of the Americas in New York,
becoming the largest tenant in the building, with over 500,000 square feet under
its control.1 At the time, Lehman Brothers was one of the most profitable invest-
ment banks and a major user of commercial office space in New York. Less than
3 years later, the September 2008 Lehman Brothers bankruptcy filing and the re-
sulting uncertainty regarding its lease at 1301 Avenue of the Americas reinforces
the notion that tenant credit risk is an integral component to understanding the
term structure of lease rates on commercial property.
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The connection between tenant credit risk and lease rates is not new. For
example, in a study of the ex post performance of leases, Lease, McConnell,
and Schallheim (1990) found significant credit risk in typical lease contracts. The
leases in their sample experienced a default rate of approximately 20% and a
recovery rate of 38% relative to the original cost of the asset, or 64% relative to
the present value of the remaining lease payments plus estimated salvage value.
Thus, their analysis suggests that lease valuations must incorporate tenant credit
risk just as corporate bond values reflect default risk. Building on this finding, a
number a studies have proposed models that attempt to incorporate tenant credit
risk into the determination of lease rates.2 However, these lease valuation models
rely on exogenous default triggering mechanisms, and thus, do not account for
the substitution of lease financing and debt financing.

In his seminal text on corporate leasing, Schallheim (1994) succinctly out-
lines the economic principles showing that leasing is simply a substitute for debt
financing. In the context of an efficient market, the substitutability of debt and
lease financing implies that the tenant’s capital structure must impact the term
structure of lease rates. More recently, Yan (2006) presents evidence confirming
the substitutability of debt and leases using information on capitalized leases for
large firms.

In this paper, we propose and empirically test an endogenous structural model
of the term structure of lease rates that is simultaneously determined by the lessee
firm’s capital structure and the competitive lease market. Compared with other
exogenous defaultable lease contract valuations, this setting is more realistic and
can effectively link the lessee’s financial decisions with current conditions in the
leasing market.

To preview our results, we show that the term structure of lease rates is inte-
gral to the lessee’s capital structure. The numerical example shows that lessee debt
(capital structure) has a direct impact on the equilibrium lease rate. However, the
impact arises from multiple sources of interaction resulting from the endogenous
default boundary that is a function of both the use of debt and leasing. Finally, our
model also provides an opportunity to examine the impact of changes in govern-
ment tax policies with respect to depreciation. For example, we show the relative
sensitivity of lease rates to changes in the marginal tax rates facing both the lessor
and lessee.

The remainder of the paper is organized as follows. Section II summarizes the
existing literature on lease valuation. Section III then describes the no-arbitrage
setting for determining lease rates and provides the defaultable fair lease rate un-
der a competitive lease market. In Section IV we propose a structural model based
on the model first developed by Leland and Toft (1996) to express the components
of firm value given that the firm uses debt and lease contracts as its financing in-
struments. Section V presents the endogenous decision rule to derive the optimal
bankruptcy trigger level, and Section VI provides comparative statics and numer-
ical examples to show the impact of relevant parameters on the term structure of

2For example, see Grenadier (1996) for an example of an exogenous structural credit risk model
for fairly pricing lease contracts, and Lewis and Schallheim (1992) for a single-period model that
incorporates the tenant’s capital structure and credit risk.
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lease rates. The numerical analysis continues in Section VII with a discussion of
the impact of tax rates and tax policy on the lease term structure. In Section VIII,
we present an empirical analysis using real estate lease transactions to validate
the predictions derived from the numerical analysis. We conclude in Section IX.

II. Literature Review

The determination of lease rates is widely discussed in the financial liter-
ature. In one of the first studies of corporate leasing, Miller and Upton (1976)
propose an equilibrium structure for determining the lease versus buy policy of
a firm and the determination of lease rates. Following their work, Schallheim
and McConnell (1985) and McConnell and Schallheim (1983) established a no-
arbitrage framework to price leases and insurance premiums of leased assets in
discrete-time cases. Later, Grenadier (1995) was the first to apply a continuous-
time model and competitive market rationale to derive the term structure of lease
rates. In Grenadier’s model, lease rates are endogenously determined, and driven
by the trade-off decision between construction cost and developer’s profit. Hence,
the lease market equilibrium is determined by a firm’s decision given a competi-
tive market assumption. However, credit risk is not considered.

More recently, a number of studies have extended the lease valuation models
to incorporate more realistic assumptions regarding the nature of the competitive
leasing market. For example, Grenadier (2005) uses the same equilibrium ap-
proach as Grenadier (1995) but changes the competitive market assumption into a
monopolistic assumption by using a game-theoretic-based approach. In this paper,
Grenadier suggests that the shape of the term structure is determined by 2 factors.
First, the term structure is a function of the expectations of future short-term lease
rates, similar to the expectation hypothesis in interest rate term structure models.
Second, the term structure of lease rates depends upon the number of competi-
tors in the leasing market. Stanton and Wallace (2009) apply the no-arbitrage
framework and continuous-time modeling into the determination of lease rates
as well and provide an empirical study of the term structure of commercial lease
rates.3 In addition, Clapham and Gunnelin (2003) apply the concept of interest
rate swaps to determine lease rates. In their model, the spot interest rate and lease
service flow follow continuous-time stochastic processes. Moreover, they regard
the lessee paying a fixed lease rent as the fixed interest rate payer in a swap con-
tract, and the lessor who promises to provide stochastic service flow as the float in-
terest payer in a swap contract. From this perspective, they use a forward measure
derived from pricing option contracts under stochastic interest rates to simplify
the expression of the property service flows. They suggest that the expectation
hypothesis of lease rates is significantly affected by risk aversion and interest
rate uncertainty, which complements the proposition made by Grenadier (1995).
Clapham and Gunnelin also propose a basic reduced-form model for determining
lease rates under credit risk. However, this model is not fully developed.

3Ambrose, Hendershott, and Kłosek (2002) use the no-arbitrage framework to derive a closed-
form solution to a lease with adjusting rents.



556 Journal of Financial and Quantitative Analysis

Grenadier (1996) incorporates default risk into lease rate determination also
by using a competitive market rationale. In this article, the default process is
modeled on the first passage time that the lessee firm’s asset value hits a given
bankruptcy level, which is the so called “structural model” in the broader credit
risk literature. In Grenadier’s (1996) analysis, the lease rate credit spread, which
is defined as the difference between the lease rate and the risk-free rate, is in-
fluenced by the lease duration, default recovery rate, correlation between leased
assets and the lessee firm’s assets, etc. However, only the exogenous default level
is considered. From this standpoint, the lessee firm’s capital structure decision is
not relevant in determining lease rates. In addition, the lessee firm’s likelihood to
default is not endogenously related to how much it pays for its lease service.

In contrast, we assume that the firm’s capital structure is taken into consid-
eration when determining the lease rate. Our model is closely related to that of
Lewis and Schallheim (1992), who also consider the lessee firm’s capital struc-
ture decision and credit risk in determining lease rates. However, their model as-
sumes a simplified single-period framework that overweighs the lease payment in
the capital structure decision process. Due to the limitation of their single-period
model, the default decision can only be made based on the claim priority in a pe-
riod, instead of an endogenous default decision, which considers all related cash
flows in the future. Similarly, the model developed in Grenadier (1996) is based
on an exogenous default triggering level where the lease does not affect the firm’s
default probability, and thus, does not account for the firm’s capital structure.
However, the amount of lease financing and the lease rent for leased assets are
always a concern in a firm’s financial decision making and can not be isolated out
of modeling. This is the main issue we address.

One of the major differences between the earlier exogenous default models
and our endogenous default model is that the exogenous models do not depend
on an equity-maximizing decision. Rather, default is triggered by the 0 net worth
condition, such as when the collateral asset value (or cash flow) falls to a certain
exogenously given barrier. However, endogenous default is similar to an optimal
decision that depends on equity maximization. In this model, the endogenous de-
fault barrier depends on the model parameters, such as the risk-free rate, lease
maturity, interest rate volatility, and others. In contrast, an exogenous default bar-
rier is not affected by any of these model parameters.

III. Determination of Lease Rates

We begin by applying the spirit of Brennan and Kraus (1982), McConnell
and Schallheim (1983), and Stanton and Wallace (2009) and use the no-arbitrage
argument to determine the operating lease rates. For simplicity, we consider the
lease contract without any embedded options.4 The underlying asset value

4Schallheim and McConnell (1985), Stanton and Wallace (2009), and Grenadier (1995), (1996)
incorporate many embedded options in lease contracts to discuss the fair leasing rate. Here we only
focus on the interaction between lease rate dynamics and capital structure; therefore, we ignore those
options in lease contracts to purify our discussion.
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is determined by the present value of its future service flows,5 and is given
by

dSBD

SBD
= μS dt + σS dWS,(1)

where SBD is the service flow before depreciation, μS is the drift rate of the service
flow process, σS is the volatility of this process, and dWS is the standard Brownian
motion under physical measure P. On the other hand, if we consider the depreci-
ation of the leased asset that is reflected in the drift rate of the service flow process
with payout rate q, we can write the service flow process after depreciation, SAD,
as

dSAD

SAD
= (μS − q)dt + σS dWS.(2)

In equation (2), q represents the property economic depreciation rate, not the
accounting depreciation rate. Although the concept of accounting depreciation
originally reflected actual economic depreciation, over time, the link between real
economic depreciation and accounting depreciation that is set by the government
tax policies has deviated. To see the effect of the difference between accounting
and economic depreciation, we assume that accounting depreciation is scaled to a
proportion (χ) of economic depreciation. If χ=1, then accounting and economic
depreciation are equivalent. If χ < 1, then government tax policy sets accounting
depreciation rules such that the tax deduction associated with depreciation is less
than the full economic depreciation. For example, if the building physically de-
preciates over 25 years and the government sets the depreciable life at 39.5 years,
then χ = 0.625.6 However, in the 1980s, government tax policy provided for ac-
celerated depreciation, where the depreciable life was set to 15 years. A 15-year
depreciable life implies that χ=1.675 under the assumption of a 25-year physical
life.

In the analysis below, we explore the implications on lease rates of altering
the accounting depreciation rate. We also define the lease rate for a risk-free ten-
ant and a risky tenant, assuming the lessor writes an operating lease contract of
t periods, and the leased asset provides continuous service flows following
stochastic differential equations (1) and (2).

A. Case 1: The Risk-Free Lessee

Assume the lessee is risk-free and the lessor’s net cost of offering a lease
contract is the present value of the service flows before depreciation minus the

5In an economic sense, we can regard the service flow process as the economic value process the
leased asset provides over time.

6The typical life expectancy for major structural items, such as a building roof, is 20–25 years.
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tax-shield benefit associated with the depreciation expense. Thus, the lessor’s net
cost is defined as

Ẽ

{∫ t

0
SBD(u)e

−rudu− χTAXc

[(∫ t

0
SBD(u)e

−rudu

)
(3)

−
(∫ t

0
SAD(u)e

−rudu

)]}
,

where,
∫ t

0 SBD(u)e
−rudu represents the present value of the service flows before

depreciation from time 0 to time t discounted by the risk-free rate under risk-
neutral measure P̃; similarly,

∫ t
0 SAD(u)e−rudu represents the present value of the

service flow after depreciation under the risk-neutral measure P̃. Here, Ẽ (·) is
the expectation under P̃. The difference between these 2 terms is the depreciation
cost of the leased asset from time 0 to t. TAXc is the corporate tax rate applied to
the lessor. As introduced above, χ is the depreciation adjustment factor that rec-
onciles the government-mandated accounting depreciation to the actual physical
depreciation.

The 1st term in equation (3) is the expected present value of service flows
before depreciation from time 0 to t, and the 2nd term in equation (3) is the tax-
shield benefit provided by depreciation expense. The difference between these 2
terms is the net cost of providing the leased property from the lessor’s perspective,
recognizing the tax-shield benefit associated with the depreciation expense.7 In a
competitive market, the net cost of the lease is exactly equal to the present value
of the future lease payments (

∫ t
0 rt

Ne−rudu) and equals rt
N((1 − e−rt)/r), where

rt
N denotes the nondefaultable operating lease rent with maturity t. Assuming the

asset service flow follows the dynamics of equation (2), then the default risk-free
lease rate is8

rt
N = S(0)

(
e(μS−δσS−r−q)t − 1
μS − δσS − r − q

)
[(1− χTAXc)Q + χTAXc](4)

×
(

r
1− e−rt

)
,

where

Q =

(
e(μS−δσS−r)t − 1

e(μS−δσS−r−q)t − 1

)(
μS − δσS − r − q
μS − δσS − r

)
,

S(0) is the initial value of the service flow process, and δ is the market price of
risk of the risk factor implicit in the service flow process.9 In this case, the lease
rate does not consider the lessee’s credit condition, and only reflects the lessee’s
corporate tax rate, the government’s depreciation tax-shield policy, and the service
flow dynamics of leased assets.

7This expression of operating lease net cost is the same as that provided in Smith and Wakeman
(1985), which states that lease rent is equal to the cost of capital and depreciation cost of providing
the lease minus the tax-deductible benefit of the lease.

8This proof can be done by applying the Fubini Theorem in stochastic calculus. For more about
this theorem, please refer to Arnold (1974).

9The Appendix shows the derivation of equation (4).
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B. Case 2: The Risky Lessee

We now examine the lease contract for a risky tenant. In this case, the lessor
adds a default risk premium to the lease rent to compensate for potential losses.
If the lessee defaults and files for bankruptcy at τ (0 < τ < t), the lessee stops
paying its debt claims until the bankruptcy is resolved.10 Meanwhile, under the
petition of the court, the lessee can continue using the leased asset by continuing
the lease payment. Therefore, a lease contract under default risk is similar to a
defaultable corporate bond with default recovery, and the default recovery is part
of the future lease payments.

Recall that the portfolio value of a default-free lease with maturity t is rt
N((1−

e−rt)/r). Similarly, the portfolio value of the default-risky case is the present value
the lease rate rt

R from origination to default time τ , and the recovery of remain-
ing lease rentals from time τ to maturity time t. Under these conditions, we can
express the value of the default-risky lease as∫ t

0
e−rτ rt

R (1− F(τ ; V,VB)) dτ +
∫ t

0
e−rτρt

RRt−τ
R f (τ ; V,VB)dτ,(5)

where F(τ ;V,VB) is the cumulative default probability up to time τ under measure
P̃, and f (τ ; V,VB) is the instantaneous default probability under measure P̃ at
time τ . For simplicity, we assume the recovery rate ρt

R is a constant. Here, Rt−τ
R

is the present value of the remaining default-risky lease payments, and it can be
expressed as rt

R((1 − e−r(t−τ))/r). The 1st term in expression (5) represents the
expected discounted lease payment flows from 0 to τ . The 2nd term represents the
expected discounted value of the remaining lease payments after default happens.

When the market is in equilibrium, the portfolio value in case 1 is equal to
case 2. This argument is similar to the one in Grenadier (1996), where he argues
that any 2 methods of selling the service flow of the asset for t years must have
the same value. The 1st method is to sell the service flow to a credit risk-free
tenant with a credit risk-free lease rate. Alternatively, one can sell the service flow
to a credit risky tenant with a credit risky lease rate. The 1st method provides a
series of stationary lease incomes to the lessor for a fixed period. The 2nd method
provides a series of credit risk compensated lease incomes to the lessor for a
uncertain period. Thus, following this logic, we combine equations (4) and (5)
and express the defaultable lease rate with a maturity of t as

rt
R = rt

N

[
1− e−rt

(1− e−rt)− (1− ρt
R) (G (t)− F (t) e−rt)

]
,(6)

where the definitions of F(t), G(t) are expressed in the Appendix.11 This expres-
sion also explains the relation between the risky lease rate and the risk-free lease
rate. The denominator represents the discount factor associated with a default-
risky lease, and the numerator is the discount factor associated with a risk-free

10See Barclay and Smith (1995) or Graham, Lemmon, and Schallheim (1998). For a practice per-
spective, see Rosen and Rooney (2002).

11The Appendix also contains the derivation of equation (6).
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lease. The 1st part of the denominator is the default-free discount factor, which
is the same as the numerator. The 2nd part is the loss rate, (1 − ρt

R), times
the difference between the lessee’s accumulated discounted default probability
and discounted accumulated default probability; therefore, it is positive. From
this equation, when the lessee’s default probability increases, implying

(
G (t) −

F (t) e−rt
)

increases, the value of the denominator decreases.12 Hence, the risky
lease rate increases to compensate for the increase in default probability. In ad-
dition, when the expected recovery rate increases, the lessor recovers more when
the lessee defaults, and thus, the risky lease rate decreases, all else being equal.

Equation (6) provides an intuitive explanation of the relationship between the
risky lease rate and the risk-free lease rate. Note that previous research assumes
the lease rate is exogenous to the lessee’s capital structure and is only determined
by market competition. However, from equation (6), we observe that lease rates
are affected by both lease market competition and the lessee’s capital structure as
reflected in its default probability. Therefore, the lease rate determination prob-
lem becomes a simultaneous equation problem and is conditional upon the firm’s
capital structure and the leasing market.

IV. The Capital Structure Setting

As in Merton (1974), Black and Cox (1976), Brennan and Schwartz (1978),
and Leland and Toft (1996), we consider a firm with productive assets whose
unleveraged value V follows a continuous diffusion process with constant propor-
tional volatility σV :

dV
V

= (μV (t)− δV) dt + σVdWV ,(7)

where μV (t) denotes the total expected rate of return on asset value V , δV is
the constant fraction of value paid out to all security holders, and dWV is the
increment of a standard Brownian motion. The value V includes the value of the
net cash flows generated by a firm’s productive activities.

In the following sections, we derive the firm’s endogenous default boundary
conditions assuming the firm uses debt and leases to finance its productive assets.
In order to provide a tractable framework, we first consider the use of a lease
conditional upon the firm’s existing capital structure. We then examine the debt
contract. Finally, we combine the firm’s capital structure with the lease decision
to determine the endogenous default boundary.

A. Leasing

Suppose a firm has an existing capital structure (comprising debt and equity)
and wishes to acquire the use of an additional asset through lease financing. The
firm writes an operating lease contract maturing at t for this asset. Furthermore,

12(G(t) − F(t)e−rt) =
∫ t

0 e−rτ f (τ ; V,VB)dτ −
∫ t

0 e−rtf (τ ; V,VB)dτ =
∫ t

0(e
−rτ − e−rt)f (τ ;

V,VB)dτ > 0.
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assume the firm’s value process continues without a time limit unless V falls to a
default-triggering value VB, defined below. If V hits this default-triggering value,
the firm defaults on its liabilities. Because of the nature of the lease contract, the
lessor can recover part of the remaining lease payments even after default. From
the lessor’s perspective, the value of a lease contract is given by the expression (5),
the fair value of the lease contract. By applying the integration by parts technique
to expression (5), we obtain the lease contract value lR(V ; VB, t):

lR(V ; VB, t) = rt
R

(
1− e−rt

r

)
− rt

R

r

(
G(t)− e−rtF(t)

)
(8)

+ ρt
R

rt
R

r

(
G(t)− e−rtF (t)

)
.

The 1st term on the right-hand side (RHS) of expression (8) is the present value
of future lease payments, the 2nd term is the lease payment loss if the lessee
defaults, and the 3rd term is the recovery of future lease payments conditional
upon default. Previous studies have assumed that the bankruptcy boundary, VB,
is exogenous. However, Leland and Toft (1996) propose a condition to determine
the bankruptcy boundary endogenously. Following their model, the default prob-
ability as well as all contingent claims on the firm’s assets are affected by this
endogenous bankruptcy boundary. Notice that rt

R in expression (8) is determined
by expression (5), which is a function of G(t) and F (t). Therefore, rt

R is not a
constant.

B. Debt

We assume for the sake of simplicity that the firm has a single debt issue
with maturity t, coupon c(t), and principal p(t). Upon bankruptcy, the bondholder
recovers a fraction ρD(t) of the firm’s net asset value of ṼB, where ṼB represents
the net asset value after bankruptcy cost and the present value of lessor’s recovery
lease payments at the time of default. In other words, ρD(t) is the recovery rate
for a debt with maturity t. Thus, we can write the value of risky debt as

d(V ; VB, t) =
∫ t

0
e−rτc(t) (1− F(τ ; V,VB)) dτ(9)

+ p(t)e−rt (1− F(τ ; V,VB))

+
∫ t

0
e−rτρD(t)ṼBf (τ ; V,VB)dτ.

If the firm does not declare bankruptcy, then the 1st term on the RHS of expression
(9) represents the present value of coupon payments, and the 2nd term represents
the present value of the principal payment. The 3rd term represents the present
value of the net asset value accruing to the debt holders if bankruptcy occurs.
Thus, we can rewrite equation (9) as

d(V ; VB, t) =
c(t)

r

(
1− e−rt

)− c(t)
r

(
G(t)− F(t)e−rt

)
(10)

+ e−rtp(t) (1− F(t)) +
∫ t

0
e−rτρD(t)ṼBf (τ ; V,VB)dτ.
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C. Aggregated Values of Lease and Debt

In order to simplify the analysis, we assume that the firm operates in an
environment with stationary debt and lease structure. As a result, the firm con-
tinuously sells a constant amount of new debt with maturity TD from issuance
that is redeemed at par if the firm is still solvent at TD. New debt is issued with
a principal amount of p = P/TD per year, where P is the total principal amount
of outstanding debt. As the same amount of old debt is retired per year, the firm’s
debt structure is stationary. As long as the firm remains solvent, the total outstand-
ing principal amount at any time s is P, and the firm has a uniform distribution
over maturities in the interval (s,TD). The total coupon payment is C per year,
where debt with principal pays a constant coupon c = C/TD and the total annual
debt service payment is C + P/TD. Furthermore, we assume equal seniority of all
outstanding debt, implying that the sum of all fractional claims ρD(t) for debt of
all maturities outstanding equals 1, and ρD(t) = 1/TD per year for all t.

In addition, the firm continuously signs an operating lease contract with ma-
turity TL. Suppose that the total lease payment per year isΩR. Following the same
logic as the stationary debt structure, the operating lease contract with maturity
TL pays a constant rent rT

R = ΩR/TL per year under the stationary capital struc-
ture. The sum of all fractional claims ρt

R for the lease contracts of all maturities
outstanding equals ρR, implying that ρt

R=ρR/TL. Note that ρR is equivalent to the
aggregate recovery rate of all outstanding lease contracts. Because the operating
lease contract is continuously signed homogeneously over time, the recovery rate
for every lease contract with maturity t can be simply represented as ρR/TL.

Based on these assumptions, the value of the outstanding lease, LR(V ; VB, t),
can be determined by integrating the lease flows over the period TL:

LR(V ; VB, t) =
∫ TL

0
lR(V ; VB, t)dt(11)

=
ΩR

r

(
1− 1− e−rTL

rTL

)
− ΩR

r
(J(TL)− I(TL))

+
ρR

TL

ΩR

r
(J(TL)− I(TL)) .

The definitions of I(TL) and J(TL) are presented in the Appendix.
Previously, ṼB was defined as the net asset value after bankruptcy and is

represented as

ṼB = (1− α)VB − ρRΩR

(
1− e−r(TL−τ)

r

)
.(12)

The 1st term on the RHS is the asset value after bankruptcy costs, and the 2nd
term represents the cash flow recovered by the lessor in the event of bankruptcy.
As debt is junior to leases in terms of claim priority, debt holders receive the
asset value less the bankruptcy costs and payments to the lessors. We assume
that every outstanding lease contract recovers homogeneously in time and amount
such that the aggregate recoveries are represented in terms of aggregate lease
payments. Thus, the debt maturity is t, while the lease contract maturity is TL. The
difference in maturity incorporates the maturity of the lease contract into the debt
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contract. However, in calculating the loss to the lessor when the lessee defaults,
we assume that on average the lessee defaults at the midpoint of the lease contract
such that the average aggregate loss equals (1− ρR)ΩR

(
(1− e−r(TL/2))/r

)
. This

assumption is justified by measuring the default time on average.
Given the above assumptions, we rewrite equation (10) as

d(V ; VB, t) =
c(t)

r

(
1− e−rt

)− c(t)
r

(
G(t)− F(t)e−rt

)
(13)

+ e−rtp(t) (1− F(t)) + ρD(t)(1− α)VBG(t)

− ρD(t)ρR

(
ΩR

r

)(
G(t)− e−rTL F(t)

)
,

where the 4th and 5th terms in expression (13) are the additional terms caused
by bankruptcy. These terms represent the value that the debtholders recover after
bankruptcy cost and reimbursement to the lessor. Let D(V ; VB,TD) denote the
total value of debt, when debt of maturity TD is issued. Integrating all outstanding
debt, we obtain the debt value over period TD as

D(V ; VB,TD) =

∫ TD

0
d(V ; VB, t)dt(14)

=
C
r

+

(
P− C

r

)(
1− e−rTD

rTD
− I(TD)

)

+

(
(1− α)VB − C

r

)
J(TD)

− ρR

(
ΩR

r

)(
J(TD)− TL

TD
I(TD)

)
.

The first 3 terms on the RHS of expression (14) are exactly the aggregate debt
value in Leland and Toft (1996), equation (7), assuming debt is the firm’s only
financing resource. The 4th term represents the debt value loss because of its
junior claim priority and is exactly the recovery value of the operating lease when
the lessee defaults.

In most interest rate term structure models, such as Merton (1974), Black
and Cox (1976), Brennan and Schwartz (1978), and Leland and Toft (1996), debt
is the only financing instrument in the firm’s liability structure. In our framework,
we incorporate leasing into the debt value determination framework. From equa-
tion (14), we see that if the firm uses a lease in addition to debt, the debt value is
reduced via the amount of outstanding lease contracts and the fraction of remain-
ing payments the lessors recover. Thus, all relevant debt properties that include
the yield spread, duration, and convexity are also affected by lease financing.

V. Determining the Endogenous Default Boundary

In traditional capital structure theory, the firm trades off the tax benefits and
bankruptcy costs of debt financing. Since we incorporate lease financing into the
capital structure decision, the tax deductibility benefit is composed of the interest
rate expense of debt, the lease payments, and the depreciation expense. Following
Leland (1994), the total market value of the firm equals the unleveraged firm value
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plus the tax benefit of debt and lease financing minus the bankruptcy cost during
the observation period:

v(V ; VB) = V + tc

(
C
r

+
ΩR

r

)(
1−

(
VB

V

)x)
(15)

−
(
αVB + (1− ρR)ΩR

(
1− e−r(TL/2)

r

))(
VB

V

)x

,

where v(V ; VB) is the market value of the firm, V is the unleveraged firm value, tc
is the corporate tax rate of the lessee, and x = a + z, where a and z are defined in
the Appendix. The 2nd term in equation (15) represents the tax benefits associated
with interest rate expense, lease payments, and depreciation expense, given that
the firm does not default. The 3rd term in equation (15) is the bankruptcy cost,
given that the firm defaults and includes bankruptcy costs documented by Warner
(1977) and the lessor’s losses. In this setting, equation (15) is consistent with
traditional capital structure trade-off theory that assumes the tax-shield benefit
has a positive effect on firm value, while bankruptcy costs have a negative effect.

To determine the default boundary in this model, we apply the past-smoothing
condition in Leland and Toft (1996) and solve the equation to determine the en-
dogenous default boundary, VB. Let

∂E (V ; VB,T)
∂V

∣∣∣∣
V=VB

= 0.(16)

By solving equation (16), we find the endogenous bankruptcy boundary as

V∗B =

ΩR

r

(
KTL

1 − KTL
2

)− K3 − K4 + M −
(

P− C
r

)
KTD

1 −
(

C
r

)
KTD

2

1 + αx− (1− α)KTD
2

,(17)

where the definitions of KT
1 , KT

2 , K3, K4, and M are as listed in the Appendix.
Equation (17) reduces to the boundary condition defined in Leland and Toft when
the firm does not use lease financing. Equation (17) shows that when leases are
included in the capital structure decision, the amount and recovery rate of the
lease affect the firm’s bankruptcy boundary. In contrast to Leland and Toft, our
model points out that the default boundary is affected by TD, TL, coupon pay-
ment amount C, lease payment amount ΩR, and lease contract recovery rates ρR.
In other words, the inclusion of lease financing decreases the bankruptcy bound-
ary through the tax deductibility of lease payments; on the other hand, it also
increases the bankruptcy boundary through the perpetual lease payments ΩR/r
and the default recovery rate of the lease contract. Therefore, the lease market
condition also affects the lessee firm’s capital structure decision.

VI. Comparative Statics and a Numerical Example

In this section, we derive the comparative statics and conduct a numerical
analysis of the lease rate term structure. Due to the high nonlinearity of equation
(6), it is difficult to determine the sign of the comparative statics of rt

R with respect
to the variables exactly. Therefore, we derive the comparative statics of rt

R in terms
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of the sign of the comparative statics of VB. By this method, we can see that
most of the comparative statics of rt

R are determined by the comparative statics of
VB. For the numerical example, we set the firm’s initial asset value to $100 and
determine the issuing coupon and principle value, assuming debt is issued at par.13

We examine how the lease rate term structure is affected by the lease contract re-
covery rate, the lessee’s risk aversion attitude toward lease market uncertainty, the
service flow volatility of the leased asset, the lessee’s corporate tax rate, and the
lessee’s asset volatility. Since the lease maturity may not equal the debt maturity,
we also discuss the relative maturity term changes of the lease and debt contracts.
Our discussion provides another dimension in examining the interaction between
lease financing and debt financing and how the maturity term of debt financing
affects the lease rent. In addition, the lease market determines the default risk
premium on the lease based on the lessee’s default risk. Therefore, the determi-
nation of the lease rate term structure becomes a simultaneous equation problem
concerning the lessee’s financing decision and the competitive lease market.

A. The Impact of the Expected Lease Default Recovery Rate

We first examine the lease term structure under various assumptions re-
garding the potential default recovery rate. In order to determine the sign of
the comparative static of rt

R with respect to ρt
R (the recovery rate), we show in the

Appendix the relation between ∂rt
R/∂ρ

t
R and ∂VB/∂ρ

t
R. Thus, Table 1 shows the

TABLE 1

Impact of the Lease Recovery Rate on the Lease Rate Term Structure

Table 1 displays the lease rate term structure, default boundary values, and leverage ratios for lease maturities (TL) ranging
from 2.5 to 20 years assuming the risk-free interest rate r = 7.5%, the bankruptcy costs α = 50%, the lessor’s corporate
tax rate TAXc = 35%, the lessee’s corporate tax rate tc = 35%, the firm’s asset volatility σv = 20%, the firm’s payout
rate δV = 7%, the drift term of the service flow process μS = 6%, the depreciation rate for the service flow q = 5%, the
initial service flow S0 = 1, the risk aversion δ = 0.83, and the level that accounting depreciation is scaled to economic
depreciation χ = 0.5.

ρR = 0 ρR = 0.2 ρR = 0.4 ρR = 0.6
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Panel A. TD = 20 years

2.5 57.03% 41.31 1.02 55.45% 41.58 1.02 53.84% 41.84 1.02 52.60% 42.48 1.02
5 56.35% 40.90 1.04 54.73% 41.23 1.04 53.48% 41.95 1.04 51.39% 41.94 1.04

10 56.05% 40.47 1.13 54.03% 40.71 1.13 52.38% 41.32 1.13 50.70% 41.95 1.13
15 55.65% 39.71 1.21 53.70% 40.27 1.21 51.29% 40.46 1.21 49.26% 41.03 1.21
20 55.23% 38.84 1.27 53.36% 39.71 1.28 51.03% 40.22 1.29 48.65% 40.75 1.29

Panel B. TD = 5 years

2.5 36.53% 34.51 1.01 35.73% 34.66 1.01 34.92% 34.82 1.01 34.11% 34.97 1.01
5 35.24% 33.45 1.03 35.30% 34.14 1.03 35.36% 34.82 1.03 34.51% 34.65 1.03

10 34.84% 33.00 1.09 34.94% 33.41 1.09 35.51% 34.26 1.09 35.63% 34.67 1.09
15 33.93% 31.88 1.14 35.09% 33.09 1.15 35.36% 33.44 1.15 36.63% 34.65 1.16
20 33.46% 31.13 1.20 34.33% 31.92 1.20 35.75% 33.14 1.21 37.78% 34.81 1.23

13To conform with previous studies, we use the parameter values from Leland and Toft (1996).
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impact of changes in ρR on VB. For cases when the lessee issues long-term debt
(Panel A), we find that (∂VB/∂ρ

t
R) > 0. However, under the assumption that the

lessee issues short-term debt (Panel B), we see a nonlinear relation depending
upon the lease maturity (TL).

Numerically, Table 1 confirms these comparative statics by showing the lease
rates for various expected lease recovery rates (ρR) and lease maturities (TL), as-
suming the lessee issues debt with maturity of 20 years (Panel A) and 5 years
(Panel B). Panels A and B show the impact of changing the expected lease recov-
ery rate from 0% to 60%. Not surprisingly, for short-term leases (TL = 2.5 years)
the lease rate is not sensitive to changes in the expected default recovery rate.
However, it is interesting to note that the lease rate is only marginally increasing
with the expected default recovery rate for long-term lease contracts (TL = 20
years). For example, with ρR = 0.6 the lease rate is only 1.6% higher than when
ρR = 0 (Panel A, TL = 20 years).

The rationale for the marginal effect of the expected recovery rate on the
lease term structure becomes clear by evaluating the effects of ρR on the lessee’s
optimal bankruptcy boundary condition (equation (17)) through the components
K4, M, and ΩR (as defined in the Appendix). We see that ρR affects V∗B in 2 di-
rections: First, an increase in ρR results in an increase in V∗B (through K4 and M).
Second, an increase in ρR causes a decrease in V∗B through ΩR. However, the di-
rection of causation is complicated and nonlinear, as ΩR is also affected by V∗B
(because the components G (t) and F (t) are functions of V∗B ). As a result, the net
effect of ρt

R on rt
R is minimal.

The increase (albeit small) in the lease rate as the expected recovery rate in-
creases is directly counter to the findings of Grenadier (1996), who shows that the
term structure of the lease rates decreases strictly with the recovery rate. Thus,
the relative lack of sensitivity to changes in the expected recovery rate points
out the difference between the endogenous default credit risk model and the ex-
ogenous default credit risk model, especially under the competitive lease market
assumption.

B. The Impact of the Amount of Debt

In our model, the optimal amount of debt is determined endogenously by
shareholders under the trade-off between the tax benefit of debt and the bankruptcy
cost, which includes the settlement cost and the possible losses for lessors. In
Table 1, for TD = 5 years, the leverage ratio, which is defined as the debt value
over the firm value, is optimally determined in the range between 33% and 38%
even when the expected lease default recovery rate changes from 0 to 0.6. Sim-
ilarly, for TD = 20 years, the leverage ratio is stable and located in the range
between 48% and 55%. If we examine the case when TD= 20 years and ρR= 0.6,
the leverage ratio decreases with lease maturity while the lease rate increases with
lease maturity. This result corresponds to the traditional argument in financial the-
ory that debt and lease are substitutes. As the lease maturity increases, the value
of lease increases, and it leads to the decrease of the leverage ratio.
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C. The Impact of Lease Maturity

Table 1 also highlights the impact of lease maturity. Not surprisingly, we
note that as the lease maturity increases, the lease rate increases. For example,
column 1 of Panel A indicates that the market rent for a 20-year lease is 25%
greater than the market rent for a 2.5-year lease. This finding is consistent with a
premium existing for longer-term, fixed-rate contracts.

D. The Impact of Debt Maturity

As developed in Section IV, the lessee’s capital structure will also impact
the lease term structure. We highlight the impact of financing decisions on lease
rates by examining the lease term structure under the assumption that the lessee
issues short-term or long-term debt. Panel A of Table 1 contains the expected
lease rates assuming that the lessee issues long-term (20-year) debt, while Panel
B reports the lease rates assuming the use of short-term (5-year) debt. Holding
all else constant, it appears that the lease rate is positively related to lessee debt
maturity. For example, when debt maturity is 20 years the lease rate is 5.8% higher
than when the lessee debt maturity is 5 years (assuming the lease maturity is
20 years and the recovery rate is 0).

E. The Impact of Risk Aversion

To understand the impact of risk aversion on lease rates, we differentiate
equation (6) with respect to δ:

∂rt
R

∂δ
=

(
1− e−rt

)
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(
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(
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− ∂F (t)
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(
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∂δ

)⎫⎪⎪⎪⎬
⎪⎪⎪⎭
.

Note that the sign of ∂rt
R/∂δ is determined by (∂rt

N/∂δ) and (∂VB/∂δ). From
equation (4) in Section III.A, we note that when (μS − δσS − q − r)t is small,
e(μS−δσS−q−r)t − 1 can be approximated by (μS − δσS − q − r)t and rt

N = S(0)
(r/(1− e−rt)) t such that rt

N is only slightly affected by δ. However, when (μS −
δσS − q− r)t is not small, δ has a noticeable affect on rt

N .
To illustrate these effects, in Table 2 and Figure 1 we examine the impact of

risk aversion in terms of the market price of risk (δ) when the lessee issues long-
term debt (Panel A) and short-term debt (Panel B). As in Table 1, the lease rates
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increase with the lease contract’s time to maturity. Furthermore, the lease rate
term structure decreases as the degree of risk aversion increases. For example, the
lease rate is 22% lower when δ=0.8 versus when δ=0.2 (Panel A, TL=20 years).
This result is consistent with Clapham and Gunnelin (2003), who show the same
result assuming stochastic interest rates, but without default risk. Intuitively, the
results in Table 2 arise from the fact that the drift rate of the risk-neutral service
flow process declines due to the increase in the market price of risk. Thus, the
present value of future lease service flows declines regardless of how the lessee
firm adjusts its endogenous default level through choice of debt maturity.

TABLE 2

The Impact of Risk Aversion on the Lease Rate Term Structure

Table 2 displays the lease rate term structure and default boundary values for lease maturities (TL) ranging from 2.5 to
20 years assuming the risk-free interest rate r = 7.5%, the bankruptcy costs α = 50%, the lessor’s corporate tax rate
TAXc= 35%, the lessee’s corporate tax rate tc= 35%, the firm’s asset volatility σv= 20%, the firm’s payout rate δV= 7%,
the drift term of the service flow process μS = 6%, the depreciation rate for the service flow q = 5%, the initial service
flow S0 = 1, the recovery rate ρR = 0.62, and the level that accounting depreciation is scaled to economic depreciation
χ = 0.5.

δ = 0.2 δ = 0.4 δ = 0.6 δ = 0.8

Default Lease Default Lease Default Lease Default Lease
TL Boundary Rate Boundary Rate Boundary Rate Boundary Rate

Panel A. TD = 20 years

2.5 42.08 1.05 42.40 1.04 42.34 1.03 42.29 1.02
5 41.78 1.12 42.02 1.10 42.27 1.07 42.15 1.05

10 41.57 1.30 41.26 1.24 41.72 1.19 41.82 1.14
15 40.90 1.48 40.75 1.39 41.02 1.30 41.34 1.23
20 40.14 1.66 40.13 1.52 40.58 1.41 40.73 1.30

Panel B. TD = 5 years

2.5 35.17 1.05 35.14 1.04 35.10 1.03 35.07 1.02
5 34.43 1.11 34.82 1.09 34.77 1.06 35.16 1.04

10 34.44 1.25 34.38 1.20 34.77 1.15 34.72 1.10
15 34.38 1.41 33.90 1.32 34.73 1.25 35.13 1.17
20 33.63 1.57 34.03 1.45 34.44 1.34 34.41 1.24

F. The Impact of Service Flow Volatility

In Table 3 and Figure 2, we examine the impact of changes in the service
flow volatility (σS) on the lease term structure. Differentiating equation (6) with
respect to σS provides an indication of the expected impact of the service flow
volatility on the lease rate:
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FIGURE 1

The Impact of Risk Aversion

Figure 1 shows the impact of changes in risk aversion (δ) on the lease term structure.

Graph A. The Impact of Risk Aversion on the Lease Rate Term Structure (TD = 20 years)

Graph B. The Impact of Risk Aversion on the Lease Rate Term Structure (TD = 5 years)

Again, note that the sign of (∂rt
R/∂δ) is determined by (∂rt

N/∂σS) and (∂VB/∂δ).
Similarly, when (μS−δσS−q−r)t is small, e(μS−δσS−q−r)t−1 can be approximated
by (μS− δσS− q− r)t and rt

N = S(0) (r/(1− e−rt)) t such that rt
N is only slightly

affected by σS. However, when (μS−δσS−q−r)t is not small, σS has a noticeable
effect on rt

N .
Numerically, we find in Table 3 and Figure 2 that the lease rate is decreas-

ing as the volatility of service flow increases. The lease rate increases because
the increase in service flow volatility decreases the drift rate of the service flow
process under a risk-neutral measure, thus decreasing the present value of future
lease service flows. In this regard, the lessee firm’s default risk has little impact on
the lease rate term structure when the lease rate term structure is mainly affected
by the service flow process (holding all else constant). In addition, comparison
of the lease rates in Panels A and B reveals that lease rate changes in response to
changes in service flow volatility are not sensitive to the lessee’s debt maturity,
holding all else constant. For example, the lease rate is 71% lower when σS = 0.8
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TABLE 3

The Impact of Service Flow Volatility on the Lease Rate Term Structure

Table 3 displays the lease rate term structure and default boundary value for lease maturities (TL) ranging from 2.5 to
20 years assuming the risk-free interest rate r = 7.5%, the bankruptcy costs α = 50%, the lessor’s corporate tax rate
TAXc = 35%, the lessee’s corporate tax rate tc = 35%, the firm’s payout rate δV = 7%, the drift term of the service flow
process μS = 6%, the depreciation rate for the service flow q = 5%, the initial service flow S0 = 1, the risk aversion
δ = 0.83, the recovery rate ρR = 0.62, and the level that accounting depreciation is scaled to economic depreciation
χ = 0.5.

σS = 0.2 σS = 0.4 σS = 0.6 σS = 0.8

Default Lease Default Lease Default Lease Default Lease
TL Boundary Rate Boundary Rate Boundary Rate Boundary Rate

Panel A. TD = 20 years

2.5 42.37 0.87 42.43 0.73 42.65 0.61 42.99 0.52
5 42.31 0.79 42.70 0.57 42.75 0.43 43.05 0.34

10 42.36 0.69 42.80 0.42 42.87 0.29 43.26 0.22
15 42.50 0.63 42.87 0.35 43.01 0.24 43.06 0.18
20 42.33 0.59 42.71 0.32 43.28 0.22 42.97 0.17

Panel B. TD = 5 years

2.5 36.00 0.87 36.48 0.73 36.61 0.61 37.24 0.52
5 35.99 0.78 36.90 0.56 37.52 0.43 37.79 0.34

10 36.48 0.66 37.98 0.41 38.30 0.28 38.24 0.22
15 37.02 0.60 38.20 0.34 38.59 0.23 39.00 0.18
20 37.29 0.56 38.11 0.31 38.52 0.21 38.95 0.16

than when σS = 0.2 (when TL = 20 years) regardless of whether the lessee’s debt
maturity is 5 or 20 years.

G. The Impact of Asset Volatility

In Table 4 and Figure 3, we show the impact of changes to the lessee’s asset
volatility on the lease rate term structure. To determine the expected effect of
changes in asset volatility on the lease rate, we differentiate equation (6) with
respect to σV :
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∂σV
= −rt

N

(
1− e−rt

) [(
1− e−rt

)− (1− ρt
R)
(
G (t)− F (t) e−rt

)]−2︸ ︷︷ ︸
�

×

⎡
⎢⎢⎢⎣−(1− ρt

R)

(
∂G (t)
∂VB

− ∂F (t)
∂VB

e−rt

)
︸ ︷︷ ︸

⊕

(
∂VB

∂σV

)⎤⎥⎥⎥⎦ .

The sign of (∂rt
R/∂σV) is determined by (∂VB/∂σV) . Consistent with the basic

conclusion of structural credit risk models, the numerical results in Table 4 and
Figure 3 show that the lease rate increases as the lessee’s asset volatility increases.
Intuitively, the increase in the asset’s risk level should increase the lease rent,
since holding a lease contract is analogous to selling a put option on the asset.
Thus, as the volatility of the underlying asset increases, the premium of the put
option increases; therefore, the lease rent will increase. Comparing the percentage
increase in Panels A and B reveals that the lease rate is more sensitive to asset
volatility when the lessee utilizes long-term debt than when it uses short-term
debt. For example, when TD = 20 years (Panel A), the 20-year contract lease rate
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FIGURE 2

The Impact of Service Flow Volatility

Figure 2 shows the impact of changes in service flow volatility (σS) on the lease term structure.

Graph A. The Impact of Service Flow Volatility on the Lease Rate Term Structure (TD = 20 years)

Graph B. The Impact of Service Flow Volatility on the Lease Rate Term Structure (TD = 5 years)

increases 94% as asset volatility increases from 0.1 to 0.7. However, over the same
asset volatility range, the 20-year contract lease rate increases 73% when TD = 5
years (Panel B).

H. The Impact of Debt Default Probability

Table 5 shows the relation between the probability of default on the lessee’s
existing debt and the lease term structure. In Panel A, we examine the case where
the firm issues short-term debt (TD = 5 years), and Panel B shows the case where
the firm issues long-term debt (TD = 20 years). The row in italics corresponds
to the term structure implied by our endogenous default model. Using this as the
base case, we change the default boundary to highlight the impact of the proba-
bility of debt default. The results show that the lease rate increases as the default
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TABLE 4

The Impact of Asset Volatility on the Lease Rate Term Structure

Table 4 displays the lease rate term structure and default boundary values for lease maturities (TL) ranging from 2.5 to
20 years assuming the risk-free interest rate r = 7.5%, the bankruptcy costs α = 50%, the lessor’s corporate tax rate
TAXc= 35%, the lessee’s corporate tax rate tc= 35%, the firm’s asset volatility σv= 20%, the firm’s payout rate δV= 7%,
the drift term of the service flow process μS = 6%, the depreciation rate for the service flow q= 5%, the initial service flow
S0 = 1, the risk aversion δ = 0.83, the recovery rate ρR = 0.62, and the level that accounting depreciation is scaled to
economic depreciation χ = 0.5.

σV = 0.1 σV = 0.3 σV = 0.5 σV = 0.7

Default Lease Default Lease Default Lease Default Lease
TL Boundary Rate Boundary Rate Boundary Rate Boundary Rate

Panel A. TD = 20 years

2.5 58.50 1.01 33.50 1.02 25.92 1.05 19.76 1.09
5 58.22 1.03 33.70 1.07 25.56 1.18 20.35 1.33

10 57.33 1.08 33.29 1.21 24.05 1.45 19.58 1.78
15 57.30 1.13 32.33 1.34 22.64 1.66 17.48 2.08
20 57.60 1.18 31.56 1.44 21.32 1.82 15.72 2.29

Panel B. TD = 5 years

2.5 53.10 1.01 28.49 1.02 26.23 1.05 22.24 1.12
5 52.66 1.03 28.31 1.05 25.69 1.19 22.55 1.38

10 52.75 1.07 28.18 1.16 23.63 1.44 19.32 1.77
15 52.84 1.11 27.53 1.27 20.65 1.60 15.25 1.98
20 52.84 1.15 26.21 1.35 17.40 1.68 10.42 1.99

probability increases in every case. In other words, riskier firms (i.e., those firms
with higher probabilities of default) face higher equilibrium lease rates. For ex-
ample, in the case where TD = TL = 5 years, we see that the lease rate increases
by 18% as the default probability increases from 7.65% to 50.25%.

In addition, Table 5 shows the impact of changes in the firm’s capital struc-
ture that result from the increase in firm risk, holding the lease and debt maturities
constant. For example, when the firm uses long-term debt (TD = 20 years), the
firm’s capital structure (D/V) is not sensitive to changes in the default boundary
conditions. However, firm capital structure shows greater sensitivity to changes in
the default boundary when the firm uses short-term debt (TD = 5 years).

VII. The Impact of Tax Rates and Tax Policy

In this section, we utilize our model to highlight the complex interactions
that arise resulting from differences in lessee and lessor tax rates as well as from
changes in overall tax policy. Recall from Section III, we noted that the equilib-
rium lease rate is a function of both the marginal corporate tax rate (TAXc) as well
as the tax treatment of economic depreciation (q) as reflected in the parameter (χ).
As noted above, χ=1 reflects the case that accounting and economic depreciation
are equivalent, while χ < 1 reflects the condition that the tax deduction associ-
ated with depreciation is less than that of the full economic depreciation. Thus, by
varying χ, we can show the impact on lease rates of changes in the depreciation
schedules associated with real property.

Table 6 reports the numerical estimates of the lease rates based on changes
to the lessor’s and lessee’s corporate tax rate as well as χ. We first examine the
lessee’s incentive to use leasing when the lessee’s corporate tax rate is higher than
the lessor’s. The results clearly indicate that the equilibrium lease rate is higher
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FIGURE 3

The Impact of Asset Volatility

Figure 3 shows the impact of changes in asset volatility (σV) on the lease term structure.

Graph A. The Impact of Asset Volatility on the Lease Rate Term Structure (TD = 20 years)

Graph B. The Impact of Asset Volatility on the Lease Rate Term Structure (TD = 5 years)

when the lessee’s tax rate is greater than the lessor’s tax rate. For example, in Panel
A the lease rate is 32% higher when the lessee’s tax rate is 70% and the lessor’s tax
rate is 10%. The higher equilibrium lease rate results from the incentive from the
high marginal tax rate to utilize more debt because of its higher tax-shield benefit.
The increase in the utilization of debt then increases the default probability. The
increase in the overall default likelihood results in a higher default premium in the
lease rent. Therefore, the lease rent increases with the lessee’s corporate tax rate.

Looking now at the impact of the lessor’s marginal tax rate, we see that lease
rates decline as the lessor’s marginal tax rate increases—all else being equal. For
example, looking across each row in Panel A of Table 6 we see that the lease rate
is approximately 6% lower when the lessor’s marginal tax rate is 70% compared
to when the lessor’s marginal tax rate is 10%.

Finally, turning to the impact of the government’s tax policy regarding the
depreciation shelter, we see the effect of changing the depreciable life for
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TABLE 5

The Impact of Probability of Debt Default on the Lease Rate Term Structure

Table 5 examines the relation between the lease rate term structure and the probability of default on the lessee’s debt. We
assume the risk-free interest rate r = 7.5%, the bankruptcy costs α = 50%, the lessor’s corporate tax rate TAXc = 35%,
the lessee’s corporate tax rate tc = 35%, the firm’s asset volatility σv = 20%, the firm’s payout rate δV = 7%, the drift term
of the service flow process μS = 6%, the depreciation rate for the service flow q = 5%, the initial service flow S0 = 1,
the risk aversion δ= 0.83, the recovery rate ρR = 0.62, and the level that accounting depreciation is scaled to economic
depreciation χ = 0.5. Numbers in italics indicate the term structure implied by the endogenous default model.

TL = 5 years TL = 20 years

Default Default Lease Default Default Lease
Boundary Probability D/V Rate Boundary Probability D/V Rate

Panel A. TD = 5 years

20.00 7.65% 33.63% 1.03 20.00 7.65% 35.05% 1.13
35.14 18.82% 34.97% 1.03 30.00 14.61% 36.70% 1.19
40.00 23.14% 35.55% 1.04 34.84 18.56% 37.83% 1.23
45.00 27.93% 36.24% 1.05 40.00 23.14% 39.33% 1.28
50.00 33.05% 37.04% 1.07 45.00 27.93% 41.09% 1.35
55.00 38.48% 38.00% 1.10 50.00 33.05% 43.26% 1.43
60.00 44.22% 39.22% 1.15 55.00 38.48% 45.96% 1.54
65.00 50.25% 40.82% 1.22 60.00 44.22% 49.43% 1.68

Panel B. TD = 20 years

20.00 7.65% 51.82% 1.03 20.00 7.65% 48.14% 1.13
40.00 23.14% 51.44% 1.04 30.00 14.61% 48.21% 1.19
42.08 25.09% 51.38% 1.04 40.00 23.14% 48.24% 1.28
45.00 27.93% 51.31% 1.05 40.64 23.73% 48.24% 1.29
50.00 33.05% 51.24% 1.07 45.00 27.93% 48.32% 1.35
55.00 38.48% 51.27% 1.10 50.00 33.05% 48.51% 1.43
60.00 44.22% 51.47% 1.15 55.00 38.48% 48.86% 1.54
65.00 50.25% 51.86% 1.22 60.00 44.22% 49.43% 1.68

TABLE 6

The Impact of Tax Policies on the Lease Rate Term Structure

Table 6 displays the lease rate term structure for lease maturities (TL) ranging from 2.5 to 20 years assuming the risk-free
interest rate r= 7.5%, the bankruptcy costs α= 50%, the lessor’s corporate tax rate TAXc = 35%, the lessee’s corporate
tax rate tc = 35%, the firm’s asset volatility σv = 20%, the firm’s payout rate δV = 7%, the drift term of the service flow
process μS = 6%, the depreciation rate for the service flow q = 5%, the initial service flow S0 = 1, the risk aversion
δ = 0.83, and the recovery rate ρR = 0.62.

Lessor’s Tax Rate

Lessee’s Tax Rate 10% 30% 50% 70%

Panel A. χ = 0.5

10% 1.08 1.06 1.04 1.02
30% 1.11 1.08 1.06 1.04
50% 1.49 1.44 1.43 1.40
70% 1.43 1.40 1.21 1.35

Panel B. χ = 1.0

10% 1.07 1.03 0.99 0.95
30% 1.09 1.05 1.01 0.96
50% 1.48 1.41 1.36 1.30
70% 1.42 1.36 1.31 1.25

Panel C. χ = 1.5

10% 1.06 1.00 0.93 0.87
30% 1.08 1.02 0.95 0.89
50% 1.46 1.37 1.29 1.21
70% 1.40 1.32 1.24 1.15
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accounting purposes by comparing the equilibrium lease rates across Panels A,
B, and C of Table 6. As expected, the impact of changing the depreciable life is
relatively minor when tax rates are low. For example, if lessor and lessee tax rates
are 10%, then allowing accelerated depreciation (moving from Panel A (χ < 1)
to Panel C (χ > 1)) results in a 1% to 2% decline in the equilibrium lease rate.
However, when marginal tax rates are high, the effect of altering the depreciable
life becomes material. For example, if marginal tax rates are 70%, then reducing
the depreciable life (allowing the lessor to utilize accelerated depreciation) results
in a 14% reduction in the equilibrium lease rate.

VIII. Empirical Analysis

A. Lease Data

In this section we examine the equilibrium origination lease rates for real es-
tate leases. Using a variety of measures and controls, we are able to test a number
of predictions regarding the lease term structure and firm capital structure derived
from the theoretical model.

We collect an administrative data set of small business real estate lease con-
tracts financed by a large financial institution. The data set contains detailed in-
formation collected from the firms’ financial statements, the firms’ risk ratings
(hard public information) from the national credit bureau (Dunn and Bradstreet),
and the financial institution’s internal credit score (hard private information) for
each business. We also have access to the all-in price of the lease, lease terms (du-
ration, maturity, and amount), firm industrial code, and location of the firm (zip
code). The database captures lease originations between January 2001 and March
2002. In total we have access to 2,482 lease contracts underwritten in the 8 New
England states, Illinois, and Michigan.

Table 7 reports the descriptive statistics for the sample. The leases contained
in the data are to small firms. The average firm has assets of $4.78 million and is
committing to a lease with an all-in price (present value) of $423,297. The average
lease has a maturity of 4.98 years. In comparison, the average debt maturity for
these firms is 2.47 years. The firms have an average of $1.46 million in debt,
implying a leverage ratio of 30%. Approximately 40% of the leases are for office
space and 31% are for retail space.

B. Estimation Results

Our empirical test of the predictions from the model developed in Section IV
follows the spirit of the reduced-form regression framework of Collin-Dufresne,
Goldstein, and Martin (2001). The lease equilibrium term structure is reflected
in the lease’s effective yield to the financial institution. We then calculate the
lease pricing spread as the difference between the lease effective yield and the
3-year constant maturity treasury yield at the date of origination. We estimate the
following regression equation:

r∗ − rTREAS = X′β + ε,(18)



576 Journal of Financial and Quantitative Analysis

TABLE 7

Summary Statistics of the Leasing Data

Table 7 reports the descriptive statistics for the administrative data set of real estate lease contracts originated from a large
financial institution between January 2001 and March 2002. The data set covers 2,482 lease contracts underwritten in the
8 New England states, Illinois, and Michigan. Lease amount is the present value of the lease contract. External credit score
refers to the firm’s risk rating (hard public information) obtained from the national credit bureau (Dunn and Bradstreet).
Internal risk rating is the bank’s proprietary credit score based on hard private information about the firm.

Summary Statistics Means Std. Dev.

Lease amount $423,297.30 $447,782.90
Lease contract maturity (years) 4.98 4.19
Debt maturity (years) 2.47 2.18
Firm size (assets) $4,784,322 $3,915,630
Debt $1,458,751 $1,201,745
Internal risk rating 3.9385 1.5082
External credit score 717.18 81.91
Property type office space 39.71%
Property type agriculture land 13.36%
Property type retail space 31.35%
Property type others 15.58%

where r∗−rTREAS is the lease pricing spread, and X represents the set of lease and
firm characteristics including: the present value of the lease contract discounted at
the bank’s cost of capital (LR), the lease maturity (tL), the firm’s debt maturity at
lease origination (tD), the firm’s asset size at lease origination (V), the firm’s asset
volatility measured as the standard deviation in asset values over the previous
3 years (σV), the firm’s debt-asset ratio at lease origination (D/V), the volatility
in the debt-asset ratio measured as the standard deviation in the debt-asset ratio
over the previous 3 years (σD/V), and a set of control variables reflecting the
property type being leased (office, agricultural, retail, or other) and the firm’s
risk rating. We also include zip code fixed effects to control for location-specific
factors, month fixed effects to control for temporal difference in the economic
environment over the sample period, and Standard Industrial Classification (SIC)
fixed effects to control for differences in the firm’s industry segment.

Table 8 reports the results for the ordinary least squares (OLS) regression
of equation (18). The model has a high degree of fit, as reflected in the R2, indi-
cating that the model is able to explain approximately 63% of the cross-sectional
variation in lease rates.

Turning to the individual coefficients of interest based on our theoretical
lease term structure model, we first note that the estimated coefficient for lease
contract maturity is positive and significant (at the 1% level), confirming the pre-
diction of a positive relation between lease maturity and the lease spread (Section
VI.C). We also see that the estimated coefficient for debt maturity is also positive
and significant (at the 1% level), indicating that firms with longer-term debt face
higher leasing costs. Furthermore, the dummy variable indicating that the firm
utilizes long-term debt (greater than or equal to 5 years) is also positive and sig-
nificant at the 1% level. Thus, the estimated coefficients for debt maturity confirm
the prediction in Section VI.D of a positive relation between lease rates and debt
maturity.

In Section VI.G, we noted that our lease term structure predicts a positive
relation between the firm’s asset volatility and the lease rate, which is consis-
tent with the traditional credit risk models. The estimated coefficient for asset
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TABLE 8

Empirical Analysis of Lease Term Structure

Table 8 reports the estimated coefficients from the ordinary least squares regression of the lease term structure for real
estate lease contracts originated from a large financial institution between January 2001 and March 2002. The dependent
variable is the all-in lease spread, defined as the lease effective yield less the 3-year constant maturity treasury yield.
Lease amount is the present value of the lease contract. External credit score refers to the firm’s risk rating (hard public
information) obtained from the national credit bureau (Dunn and Bradstreet). Internal risk rating is the bank’s proprietary
credit score based on hard private information about the firm. ***, **, and * indicate significance at the 1%, 5%, and 10%
levels, respectively.

Coeff. Std.
Variable Value Err. t-Stat.

Intercept 8.1822 1.9272 4.25***
log(lease amount) –1.4934 0.2273 –6.57***
Lease contract maturity (years) 0.3704 0.0413 8.97***
Debt maturity (years) 0.3586 0.1571 2.29**
log(firm size (assets)) –1.6450 0.4011 –4.10***
Asset volatility (std. dev. over 3 years) 0.5997 0.1830 3.28***
log(debt/assets) 2.3428 0.5117 4.58***
Debt/asset volatility (std. dev. over 3 years) –0.2038 0.1299 –1.57*
Long-term debt = 1 0.2721 0.0391 6.96***
Property type office space –0.1172 0.0232 –5.04***
Property type agriculture land 0.3737 0.0377 9.88***
Property type retail space 0.3548 0.0389 9.12***
Internal risk rating 0.9782 0.1883 5.19***
log(external credit score (D&B)) –1.0821 0.3798 –2.85**

Zip code fixed effects Yes
Month fixed effects Yes
SIC fixed effects Yes

No. of obs. 2,482
R 2 0.6291

volatility reported in Table 8 is positive and significant at the 1% level, confirm-
ing the model’s prediction.

Consistent with the debt/lease trade-off arguments in financial theory (Sec-
tion VI.B), the regression results indicate a positive and significant (at the 1%
level) relation between the use of debt (leverage ratio) and the lease rate. In
other words, as the firm’s leverage (debt/asset) level increases, the cost of leas-
ing increases. Thus, this result empirically verifies the trade-off between debt and
leases.

Turning to the firm risk ratings, we see that the coefficients for the internal
and external risk credit scores are significant (at the 1% level) and have the ap-
propriate sign. First, the coefficient for the bank’s internal risk rating measure is
positive, indicating that firms with higher risk factors (as measured by the bank)
face higher lease rates. Second, the negative coefficient for the external credit
score (higher scores correspond to lower risk) again implies that lower risk firms
face lower lease rates.

Finally, we note that the property type control variables are highly significant
and consistent with expectation regarding the asset risk. For example, we note
that the estimated coefficient for office properties is negative and significant (at
the 1% level), consistent with prior expectations that office space should have
higher recovery rates (i.e., be easier to re-lease in case of default) than specialized
property types contained in the “other” category. In addition, we see that retail
and agricultural properties command a lease rate premium that is consistent with
the lower expected recovery rates on these property types. For example, tenants
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in retail spaces are most likely to default during economic downturns affecting all
users of retail space.

As a robustness check, we also estimate equation (18) separately for each
property type (office, agricultural, retail, and other) in order to verify that the re-
sults identified above are not simply a function of differences in contracts across
the various property types. Table 9 reports the estimated coefficients from these
regressions. We note that all the coefficients are statistically significant and have
the same signs as the coefficients reported in Table 8. Thus, the separate regres-
sions again confirm the theoretical predictions of our model. We also note that
the magnitude of the estimated coefficients differs across property types reflect-
ing the idiosyncratic property types. For example, the coefficient for debt maturity
in the “other” property type is roughly half the magnitude of the “office” prop-
erty type coefficient. Furthermore, we note that the adjusted R2s indicate that the
“agricultural” and “other” property type models have approximately half the ex-
planatory power of the “office” and “retail” models. However, the lower explana-
tory power is to be expected given the greater heterogeneity of uses, and thus risk,
associated with agricultural and generic property types.

TABLE 9

Empirical Analysis of Lease Term Structure by Property Type

Table 9 reports the estimated coefficients from the ordinary least squares regression of the lease term structure for real
estate lease contracts originated from a large financial institution between January 2001 and March 2002. The dependent
variable is the all-in lease spread, defined as the lease effective yield less the 3-year constant maturity treasury yield.
Lease amount is the present value of the lease contract. External credit score refers to the firm’s risk rating (hard public
information) obtained from the national credit bureau (Dunn and Bradstreet). Internal risk rating is the bank’s proprietary
credit score based on hard private information about the firm. Standard errors are reported in parentheses. ***, **, and *
indicate significance at the 1%, 5%, and 10% levels, respectively.

Variable Office Agriculture Retail Other

Intercept 6.9214*** 4.7522*** 5.3689*** 7.1273***
(2.59) (1.46) (1.55) (3.34)

log(lease debt amount) –1.6713*** –1.1308** –1.6276*** –1.1828**
(0.44) (0.60) (0.54) (0.62)

Lease contract maturity (years) 0.8783*** 0.4370** 0.6028*** 0.2095***
(0.27) (0.22) (0.25) (0.09)

Debt maturity (years) 0.8499*** 0.5970** 0.7664*** 0.4310***
(0.26) (0.31) (0.24) (0.17)

log(firm size (assets)) –2.2271*** –1.4154*** –2.5936*** –3.1919***
(0.19) (0.64) (0.53) (0.50)

Asset volatility 0.4654*** 0.3974*** 0.2020*** 0.3745***
(std. dev. over 3 years) (0.11) (0.13) (0.05) (0.07)

log(debt/assets) 1.3825*** 1.2144*** 2.0924*** 3.1505***
(0.49) (0.47) (0.59) (0.49)

Debt/asset volatility –0.3800** –0.3361* –0.3938* –0.1289***
(std. dev. over 3 years) (0.19) (0.23) (0.24) (0.05)

Long-term debt = 1 0.1627*** 0.4862*** 0.3710*** 0.4823***
(0.04) (0.07) (0.10) (0.07)

Internal risk rating 0.7195*** 0.5216*** 0.9341*** 1.2714***
(0.16) (0.18) (0.27) (0.23)

log(external credit score (D&B)) –1.2570*** –0.9670*** –0.8269** –1.3652**
(0.58) (0.15) (0.46) (0.71)

Zip code fixed effects Yes Yes Yes Yes
Month fixed effects Yes Yes Yes Yes
SIC fixed effects Yes Yes Yes Yes

No. of obs. 986 331 778 387
R 2 0.5918 0.2012 0.4991 0.1827
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IX. Conclusion

The lease rate term structure model has been widely discussed in literature
due to its similarity with interest rate term structure. This paper focuses on default-
able lease rate term structure with the application of endogenous default model.
This credit risk issue is not new in fixed-income pricing. However, only a few
papers (e.g., Grenadier (1996), Clapham and Gunnelin (2003), and Ambrose and
Yildirim (2008)) formally model this issue in terms of a lease contract. This paper
applies the competitive lease market argument and endogenous default structural
model proposed by Leland and Toft (1996) to examine the interaction between a
lessee firm’s financial decision and lease market; thus, the lease rate determina-
tion problem becomes a simultaneous equation problem in contrast with previous
studies, which assume the lessee firm’s default risk is independent from the lease
market.

We examine the lease rate term structure under different scenarios. The re-
sults are consistent with previous models except that the recovery rate may not
play a significant role in lease rate determination because the impact of the ex-
ogenous recovery rate can be offset by the lessee firm’s endogenous financial
decisions. Further, we examine the interaction between the debt’s maturity and
lease rate term structure. Shorter debt maturity leads to less cash outflows and
reduces the financial burden of debt, thus decreasing the lessee firm’s default risk
and resulting in a smaller lease rate term structure.

These results provide testable hypotheses about lease rate determination.
They include a negative relationship between market price of risk and lease rate, a
negative relationship between service flow volatility and lease rate, a negative re-
lationship between lessee’s tax rate and lease rate, a positive relationship between
lessee’s asset volatility and lease rate, and a positive relationship between matu-
rity of existing debt and lease rate. Our empirical analysis of 2,482 small business
leases for commercial property confirm these predictions. Overall, our empirical
model is able to explain approximately 63% of the cross-sectional variation in
lease rates.

Appendix. Derivations

1. Derivation of Equation (4)

The closed-form solution for stochastic differential equation (1) can be represented as

SBD(t) = S0e(μS− 1
2σ

2
S)t+σSWS(t),(A-1)

where S0 is the initial service flow of the leased asset, and W(t) is the standard Brownian
motion at time t under the true measure. Because the leased asset may not be very liquid or
easily traded, in order to obtain the expected present value of the discounted service flow,
we employ the market price risk adjustment to derive the service flow process under the
risk-neutral measure:

SBD(t) = S0e(μS−δσS− 1
2σ

2
S)t+σS ˜WS(t),
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where δ is the market price of risk for service flow, and W̃(t) is the standard Brownian mo-
tion under the risk-neutral measure. Using equation (A-1), the present value of the future
service flows is

Ẽ

(∫ t

0
SBD(u)e

−rudu

)
= Ẽ

(∫ t

0
S0e(μS−δσS− 1

2σ
2
S)u+σS ˜WS(u)e−rudu

)
= S0Ẽ

(∫ t

0
e(μS−δσS− 1

2σ
2
S)u+σS ˜WS(u)e−rudu

)
.

Furthermore, by applying Fubini’s theorem (refer to Arnold (1974)),

Ẽ

(∫ t

0
e(μS−δσS− 1

2σ
2
S)u+σS ˜WS(u)e−rudu

)
=

∫
Ω

∫ t

0
e(μS−δσS− 1

2σ
2
S)u+σS ˜WS(u)e−rududP̃

=

∫ t

0
e(μS−δσS− 1

2σ
2
S−r)u

(∫
Ω

eσS ˜WS(u)dP̃

)
du

=

∫ t

0
e(μS−δσS− 1

2σ
2
S−r)u

Ẽ
(

eσS ˜WS(u)
)

du,

whereΩ is the sample space of the random variable W̃(u), and Ẽ(eσS ˜WS(u)) is the moment-

generating function of the Brownian motion W̃S(u), which is equal to e
u
2σ

2
S . Therefore, the

expected present value of the service flow from 0 to t can be written as

Ẽ

(∫ t

0
SBD(u)e

−rudu

)
=

S(0)
(μS − δσS − r)

(
e(μS−δσS−r)t − 1

)
,(A-2)

if (μS − δσS − r) ≠ 0.

By applying the same technique to the after-depreciation case, we can obtain a similar
result:

Ẽ

(∫ t

0
SAD(u)e

−rudu

)
=

S(0)
(μS − δσS − q− r)

(
e(μS−δσS−q−r)t − 1

)
,(A-3)

if (μS − δσS − q− r) ≠ 0.

Inserting equations (A-2) and (A-3) into equation (3) in Section III.A and equating to
rt

N

(
(1− e−rt)/r

)
, we obtain the expression for rt

N in equation (4).

2. Definitions of G(t), F(t), and Relevant Equations

G(t) =

∫ t

0
e−rτ f (τ ; V,VB)dτ,

F(t) =

∫ t

0
f (τ ; V,VB)dτ,

and by Leland and Toft (1996), we can represent G(t), F(t) as

F(t,V,VB) = N (h1(t)) +

(
V
VB

)−2a

N (h2(t)) ,

G(t,V,VB) =

(
V
VB

)−a+z

N (q1(t)) +

(
V
VB

)−a−z

N (q2(t)) .
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Here, N(·) is the cumulative standard normal distribution, and

q1(t) =
−b− zσ2t

σ
√

t
, q2(t) =

−b + zσ2t

σ
√

t
;

h1(t) =
−b− aσ2t

σ
√

t
, h2(t) =

−b + aσ2t

σ
√

t
;

a =
r − δ −

(
σ2

2

)
σ2

, b = ln

(
V
VB

)
, z =

((
aσ2
)2

+ 2rσ2
)0.5

σ2
.

3. Derivation of Equation (6)

The default-risky lease contract value can be represented as equation (5) in Section
III.B. Since Rt−τ

R is equal to rt
R((1 − e−r(t−τ))/r), we can further reduce equation (6) in

Section III.B to be equation (8) in Section IV.A. In equilibrium, the default-risky lease con-
tract value is equal to the default risk-free lease contract value, which is rt

N((1− e−rt)/r).
By equalizing equation (8) and rt

N((1−e−rt)/r), we obtain the relation between the default
risk-free lease rate and the default-risky lease rate in equation (6).

4. Definitions of I(t), J(t), and Relevant Equations

I(T) =
1
T

∫ T

0
e−rtF(t)dt, J(T) =

1
T

∫ T

0
G(t)dt.

Leland and Toft (1996) show that I(t), J(t) also can be represented as

I(T) =
1

rT

(
G(T)− e−rT F(T)

)
,

J(T) =
1

zσV

√
T

(
−
(

V
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(
V
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)
.

It is important to note that the value of J(T) is greater than the value of I(T); we can
observe that from the definition of these 2 functions.

5. Definitions of KT
1, KT

2, K3, K4, and M
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K3 = (C +ΩR)
( tc

r

)
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,
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2

)
,

where N(·) is the cumulative standard normal distribution, and n(·) is the probability den-
sity function of standard normal distribution. Other variables are defined in the main con-
text of this paper.

6. Derivation of Comparative Static in Section VI

In equation (6), we note that

rt
R = rt

N

[
1− e−rt

(1− e−rt)− (1− ρt
R) (G (t)− F (t) e−rt)

]
= rt

N

(
1− e−rt) [(1− e−rt)− (1− ρt

R

) (
G (t)− F (t) e−rt)]−1︸ ︷︷ ︸

⊕

.

Therefore, [(
1− e−rt)− (1− ρt

R

) (
G (t)− F (t) e−rt)]−1

> 0, and[(
1− e−rt)− (1− ρt

R

) (
G (t)− F (t) e−rt)]−2

> 0.

Thus, the comparative static of rt
R with respect to ρt

R (the recovery rate) is

∂rt
R

∂ρt
R

= −rt
N

(
1− e−rt) [(1− e−rt)− (1− ρt

R

) (
G (t)− F (t) e−rt)]−2

︸ ︷︷ ︸
�

(A-4)

×

⎡
⎢⎢⎢⎣
(
G (t)− F (t) e−rt)︸ ︷︷ ︸

⊕

− (1− ρt
R

)(∂G (t)

∂VB
− ∂F (t)

∂VB
e−rt
)

︸ ︷︷ ︸
⊕

(
∂VB

∂ρt
R

)
⎤
⎥⎥⎥⎦ .

Since(
G (t)− F (t) e−rt) =

(∫ t

0
e−rτ f (τ ; V,VB)dτ − e−rt

∫ t

0
f (τ ; V,VB)dτ

)
and

∂f (τ ; V,VB)

∂VB
> 0,

the sign of ∂rt
R/∂ρ

t
R is determined by[(

G (t)− F (t) e−rt)− (1− ρt
R

)(∂G (t)
∂VB

− ∂F (t)
∂VB

e−rt

)(
∂VB

∂ρt
R

)]
,

which is determined by (∂VB/∂ρ
t
R). When sgn (∂VB/∂ρ

t
R) < 0,

sgn

⎡⎢⎢⎢⎣(G (t)− F (t) e−rt)︸ ︷︷ ︸
⊕

− (1− ρt
R

)(∂G (t)
∂VB

− ∂F (t)
∂VB

e−rt

)
︸ ︷︷ ︸

⊕

(
∂VB

∂ρt
R

)⎤⎥⎥⎥⎦ > 0.



Agarwal, Ambrose, Huang, and Yildirim 583

When sgn (∂VB/∂ρ
t
R) > 0,

sgn

⎡⎢⎢⎢⎣(G (t)− F (t) e−rt)︸ ︷︷ ︸
⊕

− (1− ρt
R

)(∂G (t)
∂VB

− ∂F (t)
∂VB

e−rt

)
︸ ︷︷ ︸

⊕

(
∂VB

∂ρt
R

)⎤⎥⎥⎥⎦
is determined by the amount of every item in the brackets.
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